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1. Pro th t the followi g equivalent:
) riance matri
b) A negativ d ﬁ ite
c) all th g values in the spectral decomposition of A are non-negative
d) th ist a ma t B uch that A = BB’
Note: you may use the spectral decomposition theorem. (25 points)
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2. The following output shows an analysis predicting math achievement (mathach) using socio-economic status
(ses) and sex (Male or Female) in a sample of high school students from a number of public schools.

fit <- lme(mathach ~ (dvar(ses, school) + cvar(ses, school)) * Sex,

subset(hs, Sector == 'Public'),
random = ~ 1 + dvar(ses, school) | school)
summary (fit)

Linear mixed-effects model fit by REML
Data: subset(hs, Sector == "Public")
AIC BIC loglik
5481.758 5528.936 -2730.879

Random effects:

Formula: ~1 + dvar(ses, school) | school

Structure: General positive-definite, Log-Cholesky parametrization
StdDev Corr

(Intercept) 1.16785@2 (Intr)
dvar(ses, school) ©.9334333 0.631
Residual 6.3754705

Fixed effects: mathach ~ (dvar(ses, school) + cvar(ses, school)) * Sex
Value Std.Error DF  t-value p-value

(Intercept) 11.736739 ©.43593%94 810 26.922868 ©.0000
dvar(ses, school) 3.324965 ©.543376@5 810 6.119150 ©.0000
cvar(ses, school) 5.364838 ©.9201634 17 5.830310 0.0000
SexMale 1.245271 ©.471e892 81@ 2.643387 ©.0084

dvar(ses, school):SexMale -©.988169 ©.6953643 810 -1.294529 ©.1959
cvar(ses, school):SexMale ©.978971 1.0631268 81 ©.920841 ©.3574

Correlation:
(Intr) dv(,s) cv(,s) SexMal d(,s):
dvar(ses, school) 28.196
cvar(ses, school) 28.326 -0.084
SexMale -2.538 -28.839 -0.188

dvar(ses, school):SexMale -8.829 -8.660 ©.816 ©.607
cvar(ses, school):SexMale -8.172 ©.012 -8.523 ©.317 ©.003

Standardized Within-Group Residuals:
Min Q1 Med Q3 Max
-2.59491566 -0.78060374 ©0.84117356 @.75209401 2.65893697

Number of Observations: 833
Number of Groups: 19

Draw a graph with four lines representing the expected value of math achievement as a function of individual
ses under the following conditions:

1) female students in a school with mean ses equal to 0,

2) male students in a school with mean ses equal to 0,

3) female students in a school with mean ses equal to 1,

4) male students in a school with mean ses equal to 1.

On the graph, show clearly the value and position of the contextual, compositional, and within-school effects
of ‘ses’ for both male and female students. Use the back of the previous page to draw the graph. (25 points)



Fixed effects: mathach ~ (dvar(ses,

Value
(Intercept) 11.736739
dvar(ses, school) 3.324965 |__ F-Wﬂaﬂ&
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(continued from the previous question) Draw a suitable graph to show clearly the value and position of the
‘gender gap’ for students with ses equal to 0 in a school with mean ses equal to 0, for students with ses equal
to 1 in a school with mean ses equal to 0, and for students with ses equal to 1 in a school with mean ses

equal to 1. (20 points)
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Consider a linear regression of a continuous numerical variable Y on four continuous numerical predictors:
X1, X5, X3, X, and an intercept term. Let X} be the predicted value of X using a linear regression of X7
on X5, X3, Xy, and let Y}, be the predicted value of Y using a linear regression of Y on X5, X3, X4 and an
intercept. Let X, = X7 — X3, Y, =Y —Y}. To answer the following you may use, in addition to basic linear
algebra, any of the ‘three basic theorems’ and any result presented in the ‘Outline of Linear Algebra for
Regression’.

a) Show that the simple regression coefficient of ¥ on X, is equal to the regression coefficient for X; in the
regression of Y on X7, Xo, X5, X4 and an intercept term.

) Show which model results in a smaller SSE: (1) Yr ~ Xr or (2) Y ~ X + Xh (20 points)
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5. Consider a linear regression of a continuous numerical variable Y on two continuous numerical predictors:
X1, X5. Discuss whether it is possible for the multiple regression coefficients of Y on X, X5 to be
non-significant although the simple regression coefficients of Y on X3 and of Y on Xy are highly significant.
Use the geometry of the confidence ellipse for i, 82 and the confidence intervals for the simple regression
coefficients to justify your answer. (20 points)
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