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1. Prove that the following are equivalent:
a) A is a variance matrix
b) A is non-negative definite
c) all the eigenvalues in the spectral decomposition of A are non-negative
d) there exist a matrix B such that A = BB′

Note: you may use the spectral decomposition theorem. (25 points)
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2. The following output shows an analysis predicting math achievement (mathach) using socio-economic status
(ses) and sex (Male or Female) in a sample of high school students from a number of public schools.

Draw a graph with four lines representing the expected value of math achievement as a function of individual
ses under the following conditions:
1) female students in a school with mean ses equal to 0,
2) male students in a school with mean ses equal to 0,
3) female students in a school with mean ses equal to 1,
4) male students in a school with mean ses equal to 1.
On the graph, show clearly the value and position of the contextual, compositional, and within-school effects
of ‘ses’ for both male and female students. Use the back of the previous page to draw the graph. (25 points)
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3. (continued from the previous question) Draw a suitable graph to show clearly the value and position of the
‘gender gap’ for students with ses equal to 0 in a school with mean ses equal to 0, for students with ses equal
to 1 in a school with mean ses equal to 0, and for students with ses equal to 1 in a school with mean ses
equal to 1. (20 points)
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4. Consider a linear regression of a continuous numerical variable Y on four continuous numerical predictors:
X1, X2, X3, X4 and an intercept term. Let Xh be the predicted value of X1 using a linear regression of X1
on X2, X3, X4, and let Yh be the predicted value of Y using a linear regression of Y on X2, X3, X4 and an
intercept. Let Xr = X1 −Xh, Yr = Y − Yh. To answer the following you may use, in addition to basic linear
algebra, any of the ‘three basic theorems’ and any result presented in the ‘Outline of Linear Algebra for
Regression’.

a) Show that the simple regression coefficient of Y on Xr is equal to the regression coefficient for X1 in the
regression of Y on X1, X2, X3, X4 and an intercept term.

b) Show which model results in a smaller SSE: (1) Yr ~ Xr or (2) Y ~ X + Xh (20 points)
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5. Consider a linear regression of a continuous numerical variable Y on two continuous numerical predictors:
X1, X2. Discuss whether it is possible for the multiple regression coefficients of Y on X1, X2 to be
non-significant although the simple regression coefficients of Y on X1 and of Y on X2 are highly significant.
Use the geometry of the confidence ellipse for β1, β2 and the confidence intervals for the simple regression
coefficients to justify your answer. (20 points)
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