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Theory and Computational Methods
for Linear Mixed-Effects Models

In this chapter we present the theory for the linear mixed-effects model
introduced in Chapter 1. A general formulation of LME models is pre-
sented and illustrated with examples. Estimation methods for LME mod-
els, based on the likelihood or the restricted likelihood of the parameters,
are described, together with the computational methods used to imple-
ment them in the 1me function. Asymptotic results on the distribution of
the maximum likelihood estimators and the restricted maximum likelihood
estimators are used to derive confidence intervals and hypotheses tests for
the model’s parameters.

The purpose of this chapter is to present an overview of the theoretical
and computational aspects of LME models that allows the evaluation of the
strengths and limitations of such models for practical applications. It is not
the purpose of this chapter to present a thorough theoretical description
of LME models. Such a comprehensive treatment of the theory of linear
mixed-effects models can be found, for example, in Searle, Casella and
McCulloch (1992) or in Vonesh and Chinchilli (1997).

Readers who are more interested in the applications of LME models
and the use of the functions and methods in the nlme library to fit such
models can, without loss of continuity, skip this chapter and go straight
to Chapter 3. If you decide to skip this chapter at a first reading, it is
recommended that you return to it (especially §2.1) at a later time to get
a good understanding of the LME model formulation and its assumptions
and limitations.
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2.1 The LME Model Formulation

Linear mixed-effects models are mixed-effects models in which both the
fixed and the random effects occur linearly in the model function. They ex-
tend linear models by incorporating random effects, which can be regarded
as additional error terms, to account for correlation among observations
within the same group.

In this section we present a general formulation for LME models proposed
by Laird and Ware (1982). The original single-level formulation is described
in §2.1.1 and its multilevel extension is described in §2.1.2.

2.1.1 Single Level of Grouping

For a single level of grouping, the linear mixed-effects model described by
Laird and Ware (1982) expresses the n;-dimensional response vector y; for
the ith group as

Yy, =XiB+Zb+e, i=1,...,M,

2.
b; ~ N(0, € ~ N(0,0°1), @1)

where 3 is the p-dimensional vcctor‘g fized effects, b; is the ¢-dimensional
vector of random effects, X, (of size n; x p) and Z; (of size n; X ¢) are
known fixed-effects and random-effects regressor matrices, and €; is the
n;-dimensional within-group error vector with a spherical Gaussian distri-
bution. The assumption Var(e;) = 021 can be relaxed as shown in Chap-
ter 5, where we describe extensions that allow us to model nonconstant
variances or special within-group correlation structures. The random ef-
fects b; and the within-group errors €; are assumed to be independent for
different groups and to be independent of each other for the same group.

Because the distribution of the random effects vectors b; is assumed to
be normal (or Gaussian) with a mean of 0, it is completely characterized
by its variance—covariance matrix W. This matrix must be symmetric and
positive semi-definite; that is, all its eigenvalues must be non-negative. We
will make the stronger assumption that it is positive-definite which is to
say that all its eigenvalues must be strictly positive. We can make this
restriction because an indefinite model can always be re-expressed as a
positive-definite model of lower dimension.

The random effects b; are defined to have a mean of 0 and therefore any
nonzero mean for a term in the random effects must be expressed as part
of the fixed-effects terms. Thus, the columns of Z; are usually a subset of
the columns of X ;.

When computing with the model it is more convenient to express the
variance—covariance matrix in the form of a relative precision factor, A,



2.1 The LME Model Formulation 59

which is any matrix that satisfies

If W is positive-definite then such a A will exist, but it need not be unique.
The Cholesky factor (Thisted, 1988, §3.3) of 02® ! is one possible A. The
matrix A is called a relative precision factor because it factors the precision
matriz, ¥, of the random effects, expressed relative to the precision,
1/02, of the ¢;.

We use some of the examples in Chapter 1 to illustrate the general LME
model formulation.

Railway Rails Experiment

In the case of the rails data introduced in §1.1, M =6,n;, =3, i=1,...,6,

p = q = 1, and the regressor matrices for the fixed and random effects are
particularly simple:

1
X;=Z;=1= 11|, i=1,...,6.
1

The random effects b;,i = 1,...,6 are scalars; hence their variance o7 is
also a scalar, as is the relative precision factor, A. There is only one choice
for A (up to changes in sign) and that is

A =,/o2/0}.

Ergometric Experiment of Types of Stools

The data for the stools ergometric experiment of §1.2 are balanced, with
M=6,n=4,i=1,...,6, p=4, and ¢ = 1. The fixed-effects regressor
matrices X; are determined by the contrasts chosen to represent the types
of stool. For the Helmert contrasts parameterization used in the fit of the
fm1Stool object in §1.2.1, we have

1 -1 -1 -1
1 1 -1 -1

Xi— 1 0 2 _1 5 7,71,6
1 0 0 3

The random-effects regression matrices Z; and the relative precision fac-
tor A are the same as in the rails example.

Orthodontic Growth Curve in Girls

The orthodontic growth curve data for females presented in §1.4.1 are also
balanced, with M = 11, n; = 4, ¢ = 1,...,11. For the LME model with
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random effects for both the intercept and the slope, used to fit the fm20rthF
object in §1.4.1, we have p = ¢ = 2 and the fixed- and random-effects
regressor matrices are identical and given by

8
10
12

1
1
X;=2Zi= |,
1 14

1

Any square-root of the 2 x 2 matrix o?% ' can be used as a relative

precision factor in this case.

2.1.2 A Multilevel LME Model

The Laird-Ware formulation for single-level LME models presented in
§2.1.1 can be extended to multiple, nested levels of random effects. In the
case of two nested levels of random effects the response vectors at the in-
nermost level of grouping are written y;.t=1,...,M,j=1,..., M; where
M is the number of first-level groups and M; is the number of second-level
groups within first-level group 4. The length of y,; is n;;.

The fixed-effects model matrices are X ;5,1 =1,...,M,j=1,..., M; of
size n;; x p. Using first-level random effects b; of length ¢; and second-level
random effects b;; of length go with corresponding model matrices Z; ; of
size n; X q1 and Z;; of size n; x g2, we write the model as

yij:Xij,B+Z¢)jbi+Zijbi_7‘+€ij, i=1,....,.M, j=1,...,M;

biNN([),‘Il]), bz‘j N./\/(O,\I’g), €ij N./\/(O,O'ZI).

The level-1 random effects b; are assumed to be independent for different 4,
the level-2 random effects b;; are assumed to be independent for different
i or j and to be independent of the level-1 random effects, and the within-
group errors €;; are assumed to be independent for different i or j and to
be independent of the random effects.

Extensions to an arbitrary number @ of levels of random effects follow
the same general pattern. For example, with ) = 3 the response for the
kth level-3 unit within the jth level-2 unit within the ith level-1 unit is
written

Yijk = XijkB + Zi jkbi + Zij1bij + Zijibijr + €ijk,
i=1,.. M, j=1,..M, k=1, . M,
bi NN(O,El), bi]‘ NN(0722)7 bijk N./\[(O,E)g)7 €ijk NN(O,UZI).

Note that the distinction between, say, the kth horizontal section of the
regressor matrix for the level-2 random effect b;;, written Z;;, and the
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jkth horizontal section of the regressor matrix for the level-1 random effect
b;, written Z; jz, is the position of the comma in the subscripts.

As with a single level of random effects, we will express the variance-
covariance matrices, ¥y, ¢ = 1,...,Q, in terms of relative precision factors
Ay

In this book, we only consider mixed-effects models with a multivariate
normal (or Gaussian) distribution for the random effects and the within-
group errors. Generally we assume that the variance—covariance matrix
W, for the level-¢ random effects can be any positive-definite, symmetric
matrix. In some models we will further restrict the form of ¥,, say by
requiring that it be diagonal or that it be a multiple of the identity.

Those familiar with the multilevel modeling literature (Bryk and Rauden-
bush, 1992; Goldstein, 1995) may notice that we count “levels” differently.
In that literature the model (2.1) is called a two-level model because there
are two levels of random variation. Similarly, the model (2.2) is called a
three-level model. We prefer the terminology from the experimental design
literature and count the number of “levels” as the number of nested levels
of random effects.

Split-Plot Experiment on Varieties of Oats and Nitrogen Levels

We use the split-plot experiment on the yield of three different varieties
of oats measured at four different concentrations of nitrogen, described in
§1.6, to illustrate the multilevel LME model formulation. The final model
used in that section, corresponding to the fitted object fm40ats, represents
the yield y;;; for the jth variety of oat at the kth nitrogen concentration
Nj in the ith block as

yuk:ﬁ0+ﬂ1Nk+b1+bLJ+Ez_1k~ t=1,...,6,j=1,....3, k=1,....,4,
bi~N(0,0%), by ~N(0,03), eiju~N(0,0%).

The fixed effects are the intercept [y and the nitrogen slope ;. The b;
denote the Block random effects, the b;; denote the Variety within Block
random effects, and the €;;, denote the within-group errors. This is an
example of a two-level mixed-effects model, with the b;; random effects
nested within the b; random effects.

In this example, M = 6, M; = 3, n;; = 4,i=1,...,6 j =1,...,3,
p =2, and ¢; = g2 = 1. The regressor matrices are

0.0 1
0.2 1
Xij = 04| < T

1

0.6

— =
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Because all the random effects are scalars, the precision factors are
uniquely defined (up to changes in sign) as

Ay =4/02/0? and Ay =,/02/03.

2.2  Likelihood Estimation for LME Models

Several methods of parameter estimation have been used for linear mixed-
effects models. We will concentrate on two general methods: maximum
likelihood (ML) and restricted maximum likelihood (REML). Descriptions
and comparisons of the various estimation methods used for LME models
can be found, for example, in Searle et al. (1992) and Vonesh and Chinchilli
(1997).

2.2.1 The Single-Level LME Likelihood Function

Consider first the model (2.1) that has a single level of random effects. The
parameters of the model are 3, 02, and whatever parameters determine A.
We use 6 to represent an unconstrained set of parameters that determine
A. We will discuss parameterizations of A in §2.2.7—for now we will simply
assume that a suitable parameterization has been chosen.

The likelihood function for the model (2.1) is the probability density for
the data given the parameters, but regarded as a function of the parameters
with the data fixed, instead of as a function of the data with the parameters
fixed. That is,

L(B,0,0%y) = p(y|B,0,5%),

where L is the likelihood, p is a probability density, and y is the entire
. . M
N-dimensional response vector, N = >".", n;.

Because the nonobservable random effects b;,s = 1,..., M are part of
the model, we must integrate the conditional density of the data given the
random effects with respect to the marginal density of the random effects
to obtain the marginal density for the data. We can use the independence
of the b; and the €; to express this as

M

L(8,6,0°ly) = [ (v:18,0.0%)

i=1

M (2.3)
11 [ ol 5.) 0 016.0%) an,
i=1
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where the conditional density of y; is multivariate normal

exp (—lly, — X8 = Zibi|* /2°)

. 2) —
p (yi‘b“ﬂ’a ) (27T0_2)n1/2 (2'4)
and the marginal density of b; is also multivariate normal l
P S
1 D) 2
p(b;|0,0°) = ————-~
2m) "% /W
Cn) /] (25)

exp (- | Abi* /20°)
(2702)?? abs| A1

where |A| denotes the determinant of the matrix A. Substituting (2.4) and
(2.5) into (2.3) provides the likelihood as

L(B,0,0%y) =
[ belal /exp [ (lv = Xi8 - ZulP + A7) 2]
i1 (2ma?) /2 (2m0?)1/?

2

/202)

:ﬁ abs|A| /exp <_‘

i=1 (27m2)ni/2 :

¥, — XiB — Z;b;

db;,  (2.6)
(271'02)‘1/2

where

o) o] [l e
are augmented data vectors and model matrices. This approach of changing
the contribution of the marginal distribution of the random effects into
extra rows for the response and the design matrices is called a pseudo-
data approach because it creates the effect of the marginal distribution by
adding “pseudo” observations.

The exponent in the integral of (2.6) is in the form of a squared norm or,
more specifically, a residual sum-of-squares. We can determine the condi-
tional modes of the random effects given the data, written b;, by minimizing
this residual sum-of-squares. This is a standard least squares problem for
which we could write the solution as

&:(Zfi)qu(@me)

The squared norm can then be expressed as

|

g~ XiB— Zbi g, — XiB— Zb;

2 ‘ ‘ 2

2+(bi75i)Tz}T (bi Bi). (2.8)

2
|

)

Zi (bi ~b
Z, (b -

i~ XiB— 2:b;
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The first term in (2.8) does not depend on b; so its exponential can be fac-
tored out of the integral in (2.6). Integrating the exponential of the second
term in (2.8) is equivalent, up to a constant, to integrating a multivariate
normal density function. Note that

db;

Z?Z /eXp { o Ei)T 7.z, (bi _ El) /202}

(2mo2)?/?
/exp[ (b:-5)" 202 (bs-5) 2|
\/ZLTZ (2r02)? 1\/|Z] Zi|
1

z'z) JZzaral

db;

(2.9)

By combining (2.8) and (2.9) we can express the integral in (2.6) as

N 2
€xp { Yy, — XiB — Zb; 2}
/ (2m02)1/? i

)

‘Zfz
to give
L(B,6,5°ly)
M )
_ 1 - Y- 1) M abs |A|
- N2 P 202 T |
(2ma?) o iji
(2.10)

The expression (2.10) could be used directly in an optimization routine to
calculate the maximum likelihood estimates for 3, 6, and 2. However, the
optimization is much simpler if we first concentrate or profile the likelihood
so it is a function of € only. That is, we calculate the conditional estimates
B(0) and 5%(0) as the values that maximize L(3,0,0?%) for a given 0.
Notice that the parts of (2.10) involving B and o2 are identical in form
to the likelihood for a linear regression model so ﬁ(B) and %(0) can be
determined from standard linear regression theory.



2.2 Likelihood Estimation for LME Models 65

We do need to be careful because the least squares estimates for g will
depend on the conditional modes b; and these, in turn, depend on 3. Thus,
we must determine these least squares values jointly as the least squares
solution to

T ~1 ~T\T . )2
(broo BB ) =arg, min iy, = Xe(br,o..bas, B)72
b1,....bar.3
where
Z1 0 0 Xl Y1
A 0 0 0
0 Zg e 0 Xz Yo
X,=|0 A ... 0 0 and y, = 0], (2.11)
0 0 ... Zy Xy Ynr
0 o ... A 0 0

Conceptually we could write
T o1 o\ T Ty \—1xT
(b sbarB ) = (XX Xy,

but we definitely would not want to calculate these values this way. The
matrix X . is sparse and can be very large. If possible we want take advan-
tage of the sparsity and avoid working directly with X ..

Linear regression theory also gives us the conditional maximum likeli-
hood estimate for o2

~T ~T =T
Xﬁ(b1>~~~>b1wvﬁ )T”2.

32(9) — Hyef ~

(2.12)

Notice that the maximum likelihood estimate of o2 is the residual sum-of-
squares divided by N, not by N — p.

Substituting these conditional estimates back into (2.10) provides the
profiled likelihood

M
-~ ~ exp (—N/2 abs|A
1(6) - L(B(6),0.5%(6)) — “2UN2) AL o)
[2752(0)])"/? i 51 5
=1\ |2! 2
We do not actually need to calculate the values of 31, e ,EM or B(B) to

evaluate the profiled likelihood. We only need to know the norm of the
residual from the augmented least squares problem. The decomposition
methods described in §2.2.2 provide us with fast, convenient methods of
calculating this.
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The pseudo-data representation of the marginal density p(y;|3,0,0?)
used in (2.6) is just one way of expressing this density and deriving the
likelihood. It is also possible to describe this density as a normal distribu-
tion with mean 0 and a patterned variance—covariance matrix X;—a rep-
resentation that is often used to derive the likelihood for the parameters in
a linear mixed-effects model. Although we will not use this representation
extensively in this chapter, we will use it in Chapter 5, so we present some
of this derivation of the likelihood here.

The model (2.1) can be re-expressed as

where € = Z;b; + €;. Because the €] are the sum of two independent
multivariate normal random vectors, they are independently distributed as
multivariate normal vectors with mean 0 and variance—covariance matrix
0?3, where 3 = I + Z,WZT /0%, Tt then follows from (2.14) that the y,
are independent multivariate normal random vectors with mean X ;3 and
variance—covariance matrix o2%;. That is,

((yi - X8)" 3 (. - Xiﬁ)> =t

P (4118.0.0%) = (270%) ™ exp =5

For a given value of 8, the values of 3 and ¢ that maximize the likelihood
could be written as

M -1 M
B0 - (Soxrmx) Lxrmi,
i=1 i=1

M 5 T 3
S (v - XiBO) =7 (v, - XiB(6))

N .
Computationally these expressions are much more difficult than (2.11) and
(2.12). Using these expressions for B(68) and 52(8) we could derive the
profiled likelihood or log-likelihood.

We present these expressions for completeness only. We prefer to use
the expressions from the pseudo-data representation for computation, es-
pecially when the pseudo-data representation is combined with orthogonal-
triangular decompositions described in the next section.

32(0) =

2.2.2  Orthogonal-Triangular Decompositions

Orthogonal-triangular decompositions of rectangular matrices are a pre-
ferred numerical method for solving least squares problems (Chambers,
1977; Kennedy and Gentle, 1980; Thisted, 1988). They are also called QR
decompositions as the decomposition is often written

x-q[g|-ar
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where X is an n X p matrix (n > p) of rank p, Q is n X n and orthogonal, R
is p X p and upper triangular, and Q, (Q-truncated) consists of the first p
columns of Q. To say that Q is orthogonal means that QT Q = QQ” = 1.
This implies that Q?Qt =1.

The S function qr is used to create a QR decomposition from a matrix.
For example, in §1.4.1 we present a model where the fixed-effects model
matrices for each subject are

1 8
1 10
1 12|’
1 14

Xi:

We can generate such a matrix in S and create its decomposition by

> Xmat <- matrix( c(1, 1, 1, 1, 8, 10, 12, 14), ncol = 2 )

> Xmat
[,11 [,2]

[1,] 1 8

[2,] 1 10

[3,] 1 12

[4,] 1 14

> Xqr <- qr( Xmat ) # creates a QR structure

> qr.R( Xqr ) # returns R
[,1] [,2]

[1,] -2 -22.0000

[2,] 0 -4.4721

> qr.Q( Xqr ) # returns Q-truncated
[,1] [,2]

[1,] -0.5 0.67082

[2,] -0.5 0.22361

[3,] -0.5 -0.22361

[4,] -0.5 -0.67082

> gr.Q( Xgr, complete = TRUE ) # returns the full Q
[,1] [,2] [,3] [,4]

[1,] -0.5 0.67082 0.023607 0.54721

[2,] -0.5 0.22361 -0.439345 -0.71202

[3,] -0.5 -0.22361 0.807869 -0.21760

[4,] -0.5 -0.67082 -0.392131 0.38240

Although we will write expressions that involve @, this matrix is not
usually evaluated explicitly. Products such as QTy or Qy can be calcu-
lated directly from information about the decomposition without having
to generate this n x n matrix. See Dongarra, Bunch, Moler and Stewart
(1979, Chapter 9) for details. The S functions qr.qty and qr.qy evaluate
these products directly.

An important property of orthogonal matrices is that they preserve
norms of vectors under multiplication either by @ or by Q. That is,
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the transformation represented by @ is a generalization of a rotation or
a reflection in the plane. In particular,

17y = (Q"y)"Q"y =y QQ"y = y"y = |ly|*.

If we apply this to the residual vector in a least squares problem we get

ly— X8I = |[@" v - xp)|

=Q"y - Q" Xp|?
R 2

S I
2

= |le — ? B

= ller = RBJ* + [lea|,

T . .
where ¢ = (c?cZT) = QTy is the rotated residual vector. The components

c; and co are of lengths p and n — p, respectively.

Because X has rank p, the p X p matrix R is nonsingular and upper-
triangular. The least-squares solution (3 is easily evaluated as the solution
to

RB =C1
and the residual sum-of-squares is ||cz||?. Notice that the residual sum-of-

squares can be evaluated without having to calculate B

2.2.3  FEwvaluating the Likelihood Through Decompositions

Returning to the linear mixed-effects model, we take an orthogonal-triang-
ular decomposition of the augmented model matrix Z; from (2.7) as

5 Ry
Zi*Q(i)|: OZ )

where Q ;) is (n; +¢) x (ni +¢) and Ry(;) is ¢ X ¢. Then

where the ¢ X p matrix Ryo(;), the n; x p matrix Rgg(;), the g-vector ¢;(;
and the n;-vector cy(;) are defined by

2 - ~ 2
—|@f) (3. - X8 Z)) |
= llei — RaoiyB — Rusnbil|* + [[eaiy = Rooen 8|

¥, — XiB - Z;b;

RlO(i):| T {61(2‘)} T ~
= XL and = Y-
{Roou') e o) ~ F0¥
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Another way of thinking of these matrices is as components in an orthogonal-
triangular decomposition of an augmented matrix

|:Zi X; yi]:Q. {Ru(n Rigu) €1 _
A 0 0 (@) 0 R()(J(i) Cogiy|

where the reduction to triangular form is halted after the first ¢ columns.
(The peculiar numbering scheme for the submatrices and subvectors is
designed to allow easy extension to more than one level of random effects.)
Returning to the integral in (2.6) we can now remove a constant factor and
reduce it to

exp {_ <Hyz -Xi8- Zibq',HZ + HAb7H2) /202]
/ V2ro? db;

lewy — RonoIP]  exp [y el
:exp{ i o i }/ ( 2)‘1/2 db;. (2.15)
—s0 2ro

Because Ry (;) is nonsingular, we can perform a change of variable to ¢, =
(Cl(i) - RlO(l)ﬁ - Rll(l)bl)/a with differential d(ﬁl = o~ %abs |R11(l)‘ dbl
and write the integral as

/ exp (—lleiy — Rio@yB — Raagiybill?/20%) b
T
(271'(72)q/2

_ 1 exp (=|1¢l%/2)
= 5 do;

abs [Ry15)| (2m)” (2.16)
=1/abs |Ryi(;)|-

This is the same result as (2.10) because

\/m = ” [Rle)O] QlQq, |:R101(i):| ’

= ‘R1T1<i>Rll<z')
= ‘Rle) |Riis|

2
= /(| )

= abs }Rll(i)| .

Because Ry;(;) is triangular, its determinant is simply the product of its
diagonal elements.
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Substituting (2.16) into (2.15) into (2.6) provides the likelihood as

A exp [ |leogi) — Rooy B8] /20%] abq( Al )

L(B,0,0°ly) =[]

=1 (271'0-2)"7‘,/2 ‘R11(2)|
P (7 i lleow — Roo(i)ﬁH2 /202) 11\_4[ ) N
- abs ]
(2mo2)—N/2 1 R

The term in the exponent has the form of a residual sum-of-squares for 3
pooled over all the groups. Forming another orthogonal-triangular decom-
position

ROO(l) Co(1)

R, c
—q, | o (2.17)
Roovr)y o)
produces the reduced form
L(B.6,0°ly)
_ - R,
(om0 2 e et o ~ o H b
—20 |Rn ol

(2.18)

For a given 0, the values of B and ¢? that maximize (2.18) are

2

B(6) = Rylco and 6%(0) = @ (2.19)

which give the profiled likelihood

L(6ly) = L (B(6).0.5°(O)ly)

N/2
=—7 exp | —— abs s
27THC—1H2 2/ 1 \R11(1)|

i=

or the profiled log-likelihood
(6ly) = log L(6y)

N log N —log(27m) — 1] — Nlog |lc_1]| + ilogab ( A )
== —log(2m) — 1] — _ S .
2 ' i=1 |Ru1s)|

(2.21)
The profiled log-likelihood (2.21) is maximized with respect to 8, produc-

ing the maximum likelihood estimate 9. The - maximum likelihood estimates
B and G2 are then obtained by setting 8 = 6 in (2.19).
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Although technically the random effects b; are not parameters for the
statistical model, they do behave in some ways like parameters and often
we want to “estimate” their values. The conditional modes of the random
effects, evaluated at the conditional estimate of 3, are the Best Linear Un-
biased Predictors or BLUPs of the b;,i = 1,..., M. They can be evaluated,
using the matrices from the orthogonal- trldnguldr decompositions, as

bi(6) = Ryyj; <Cl(i) - RlO(i)B(9)> . (2.22)

In practice, the unknown vector @ is replaced by its maximum likelihood
estimate 8, producing estimated BLUPs b; (9)

The decomposition (2.17) is equivalent to calculating the QR decompo-
sition of the potentially huge matrix X defined in (2.11). If we determined
the least-squares solution to (2.11) using an orthogonal-triangular decom-
position

Xe :Qe |:I(z)6:| )

the triangular part of the decomposition and the leading part of the rotated,
augmented response vector would be

Ryyy 0 ... 0 Ry €11)
0 Ry - 0 Rip(2) €1(2)
R. = : : : : : and €1 = :
0 0 -« Ruon R C1(M)
0 0 0 0 Ro() Co

Thus, the 3(6) and 5%(8) from (2.19) are the same as those from (2.17)
and (2.12). The vector ¢_; is the residual vector in the coordinate system
determined by Q,. Because Q, is orthogonal, ||c_1||? is the residual sum-
of-squares for the least squares problem defined by X, and y,.

The profiled log-likelihood (2.20) has the same form as (2.13). It consists
of three additive components; a constant, a scaled logarithm of the residual
sum-of-squares, and a sum of ratios of the logarithms of determinants. In
the next section we examine these terms in detail.

2.2.4  Components of the Profiled Log-Likelihood

Returning to the example of the rails data of §1.1, let us consider the
different components of the profiled log-likelihood as expressed in (2.21).
Recall that the relative precision factor A will be a scalar in this case so
let us write it as A. There are three additive terms in the profiled log-
likelihood:
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1. The constant & [log N — log(27) — 1], which can be neglected for the
purposes of optimization.

2. —Nlogllc_1]|, a multiple of the logarithm of the norm of a residual
vector from the penalized least-squares fit for A, X;, Z;, and y,.

3. M log (A/abs|Ryyy|) = M log (A/,/\Z?ZiJrN\). In the

general case this is the sum of the logarithms of the ratios of deter-
minants.

In Figure 2.1 we show the two nonconstant terms and the resulting log-
likelihood as a function of A for the rails example

The shapes of the curves in Figure 2.1 indicate that it would be better to
optimize the profiled log-likelihood with respect to = log A instead of A.
This transformation will also help to ensure that A does not become neg-
ative during the course of the iterations of whatever optimization routine
we use. In Figure 2.2 we show the components and the log-likelihood as a
function of #. We can see that the log-likelihood is closer to a quadratic
with respect to 6 than with respect to A.

There are patterns in Figure 2.2 that will hold in general for linear
mixed-effects models. The log of the norm of the residual is an increas-
ing sigmoidal, or “S-shaped,” function with respect to 6. As § — —oco (or
A — 0), this log-norm approaches a horizontal asymptote at a value that
corresponds to the log residual norm from an unpenalized regression of the
form

Yy Z, 0 0 X 21

Yo 0 22 e 0 Xz 2
y=1:1=1: : : S te

v o 0 .. z, X, |

n n n 5

At the other extreme, large positive values of 8, and the correspondingly
large values of A, put such a heavy penalty on the size of the b; terms in
the regression that these are forced to zero. Thus, as § — oo, the penalized
residual norm approaches that from a regression of the entire response
vector y on the X; matrices alone.

Y1 X1
Y2 X,

y= : = : ﬁ+e,
Yn Xn

In the ratio of determinants term, very large values of A will dominate
ZTZ; in the denominator so the ratios approach A/A and the sum of the
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FIGURE 2.1. The profiled log-likelihood as a function of A for the rails example.
Two of the components of the log-likelihood, log ||c_1||, the log of the length of
the residual, and Y- log (A/abs|Ri1(;|), the log of the determinant ratios,
are shown on the same scale.
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FIGURE 2.2. The profiled log-likelihood as a function of 8 = log(A) for the rails
example. Two of the components of the log-likelihood, log ||c—1||, the log of the
length of the residual, and 3 log (A/ abs|Ry1(;|), the log of the determinant
ratios, are shown on the same scale.
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logarithms approaches zero. Very small values of A will have little effect
on the denominator so the term has the form

M M
> (9 —log \/|ZiTZi|> = M0 log\/|Z] Zi|.
i=1 i=1

That is, when 8 — —oo this term approaches a linear function of 6, as can
be seen in Figure 2.2.

Because the log of the determinant ratio approaches a linear function of
0 as @ — —oo while the log of the residual norm tends to a finite asymptote,
the log-likelihood approaches a linear function of . When A, and hence
0, becomes large the log-likelihood will usually decrease then approach a
constant. This does not always occur, however. For some data sets, the
log-likelihood will continue to increase with @ as § — oco. In these cases,
the maximum likelihood estimator of o7 is zero.

Both in the log of the ratio of determinants term and in the log of the
norm of the penalized residual term, the effect of A is determined by its
size relative to the Z; matrices. Values of A that are either much less than

or much greater than 4/ ZlTZi will produce a log-likelihood that is near
an asymptote. If there is to be a maximum for finite 6 it will have to be

near p = logAg = Zfﬁl log\/ZT Z;/M. In the case of the rails data
0o = 0.549.

2.2.5 Restricted Likelihood Estimation

Maximum likelihood estimates of “variance components,” such as o2 and
o2 in the rails example, tend to underestimate these parameters. Many
analysts prefer the restricted (or residual) maximum likelihood (REML)
estimates (Patterson and Thompson, 1971; Harville, 1977) for these quan-
tities.

There are several ways to define the REML estimation criterion. One
definition that provides a convenient computational form (Laird and Ware,
1982) is

La(6.0%|y) = / L(8.6.0%|y) B,

which, within a Bayesian framework, corresponds to assuming a locally
uniform prior distribution for the fixed effects 3 and integrating them out
of the likelihood.



76 2. Theory and Computational Methods for LME Models

Using (2.18) and the same change-of-variable techniques as in (2.16) gives
the log-restricted-likelihood

(R(6,0%|y) =log Lr (6,07|y)

M
N—p 2 H071H2 |A]
= log(2 — —log abs |Rgo| + I bs .
5 og(2mo?) 252 og abs | Roo| i§:1 og abs Rl

This produces the conditional estimate 5% (0) = [lc_1]|?/(N — p) for o2,
from which we obtain the profiled log-restricted-likelihood

(r(8ly) = (r(0.5%(0)]y)

M
A
= const — (N — p)log |le_1|| — log abs | Rgo| + E log abs (%) .
i=1 10

(2.23)

The components of the profiled log-restricted-likelihood in (2.23) are sim-
ilar to those in the profiled log-likelihood (2.21) except that the log of the
norm of the residual vector has a different multiplier and there is an ex-
tra determinant term of logabs|Rg| = log ‘Zf\il XTs-1x, /2. A plot
of the components of the profiled log-restricted-likelihood versus 6 for the
rails example would be similar in shape to Figure 2.2.

The evaluation of the restricted maximum likelihood estimates is done
by optimizing the profiled log-restricted-likelihood (2.23) with respect to 6
only, and using the resulting REML estimate §R to obtain the REML esti-
mate of 02, 5%(6g). Similarly, the REML estimated BLUPs of the random
effects are obtained by replacing @ with 85 in (2.22).

In some ways, it is blurring the definition of the REML criterion to speak
of the REML estimate of 3. The REML criterion only depends on 6 and o.
However, it is still useful, and perhaps even sensible, to evaluate the “best
guess” at B from (2.19) once O has been determined using the REML
criterion.

An important difference between the likelihood function and the re-
stricted likelihood function is that the former is invariant to one-to-one
reparameterizations of the fixed effects (e.g., a change in the contrasts rep-
resenting a categorical variable), while the latter is not. Changing the X;
matrices results in a change in log abs | Rgo| and a corresponding change in
Cr(0)y). As a consequence, LME models with different fixed-effects struc-
tures fit using REML cannot be compared on the basis of their restricted
likelihoods. In particular, likelihood ratio tests are not valid under these
circumstances.
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2.2.6  Multiple Levels of Random Effects

The likelihood function and the restricted likelihood function for multilevel
LME models can be calculated using the same techniques described for
the single-level model in §2.2.1, §2.2.3, and §2.2.5. We use the two-level
LME model to illustrate the basic steps in the derivation of the multilevel
likelihood function.

The likelihood for a model with two levels of random effects is defined
as in (2.3), but integrating over both levels of random effects

L(B,61,62,0%y) =

MM
H/ 11 {/ P(Yi;1bij, bi, B, 0%) p(bij|02,0%) dbij | p(bi|01,07) db;.
=17 =

(2.24)

As with a single level of random effects, we can simplify the integrals in
(2.24) if we augment the Z;; matrices with A, and form orthogonal-
triangular decompositions of these augmented arrays. This allows us to
evaluate the inner integrals. To evaluate the outer integrals we iterate this
process.

That is, we first form and decompose the arrays

Zij Zij; Xy yia}:Q.. {Rz’z(fﬁj) Roiij)  Raogij)  Caig)
A, 0 0 0 G0 Ruuy R i)

i=1,...,M, j=1,...,M;. (2.25)

The matrix Ryy(;5) will be an upper-triangular matrix of dimension gz X go.
The other arrays in the first row of the decomposition in (2.25) are used
only if the conditional estimates 8(8) or the conditional modes Eij (6) and
51(9) are required. The arrays in the second row of the decomposition:
Ry1(i5), Rioij, and c(;5) each have n;; rows.

To evaluate the outer integral in (2.24) we again form and decompose an
augmented array

Rll(il) RlO(il) C1(41)
— Rll(i) Rl(](i) C1(i)
Q0| 0" Ry e
Ryiny  Riongg)  €iginn) 00()  €o(d)
Ay 0 0
i=1,...,M. (2.26)
The final decomposition to produce Ry, ¢y, and c_1 is the same as that
in (2.17).
Using the matrices and vectors produced in (2.25), (2.26), and (2.17) and
following the same steps as for the single level of nesting we can express
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the profiled log-likelihood for 8; and 6 as
£(81,05y) = log L(B(01,62),61,05,5%(61,02)|y)

_ . A
= const — Nlog|le_1| + Zlog abs Ry

M M;

)
+ZZlogabs <‘R22(u )

i=1 j=1

Similarly, the profiled log-restricted-likelihood is

Cr(61,02]y) = log Lr(BR(01,02),01,02,5%(601,02)|y)
= Const — (N —p)log|lc_1]| — logabs | Ryo|

M M;
)

+ log abs log abs
Z ¢ (\Rm) 2,2 log <|R22(u)|

=1 j=1

The calculation methods extend in the obvious way to @ nested levels of
random effects.

2.2.7 Parameterizing Relative Precision Factors

In a model with @ nested levels of random effects, there are @ symmetric,
positive-definite, variance—covariance matrices Wy, k= 1,...,Q. For com-
putational purposes we express these in terms of relative precision factors
Ay, k=1,...,Q that satisfy

ATAL =020, k=1,...,Q.

To optimize the log-likelihood or log-restricted-likelihood we express the
scaled variance-covariance matrices Wy /02, or equivalently the relative
precision factors Ay, as a function of unconstrained parameter vectors
O, k=1,...,Q. For example, when A is a scalar, as in §2.2.4, we use the
unconstrained parameter § = log A when optimizing the log-likelihood.

For the general case where W, /o2 is a positive-definite, symmetric matrix
of size ¢ X ¢, we parameterize it through its matriz logarithm. To define this
parameterization, we note that any positive-definite, symmetric matrix A
can be expressed as the matriz exponential of another symmetric matrix
B. This means that

2 3
A=eB=1+B+ % + % +.

If A is the matrix exponential of B, then B is the matrix logarithm of A.

Suppose A is ¢ X ¢, symmetric and positive-definite. One way of eval-
uating its matrix logarithm B is to calculate an eigenvalue-eigenvector
decomposition

A=UAUT,
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where A is ¢ x ¢ and diagonal while U is ¢ x ¢ and orthogonal. If A is
positive-definite, then all the diagonal elements of A must be positive. The
matrix logarithm of A is the diagonal matrix whose diagonal elements are
the logarithms of the corresponding elements of A. We will denote this by
log A. Finally

B=logA=UlogAU".

We define 0 to be the elements of the upper triangle of the matrix
logarithm of W /o2. This gives a nonredundant, unconstrained parameter
vector for Wy, /o2

Other unconstrained parameterizations for ¥y /o? are used when the
matrix is required to have a special structure beyond being symmetric and
positive-definite. For example, if ¥ /a2 is to be diagonal and positive-
definite then the diagonal elements must all be positive and an uncon-
strained parameterization uses the logarithms of these diagonal elements.

2.2.8 Optimization Algorithms

Optimization of the profiled log-likelihood or the profiled log-restricted-
likelihood of an LME model is usually accomplished through EM iterations
or through Newton—Raphson iterations (Laird and Ware, 1982; Lindstrom
and Bates, 1988; Longford, 1993).

The EM algorithm (Dempster, Laird and Rubin, 1977) is a popular iter-
ative algorithm for likelihood estimation in models with incomplete data.
The EM iterations for the LME model are based on regarding the random
effects, such as the b;,i = 1,..., M, as unobserved data. At iteration w
we use the current variance—covariance parameter vector, G(M), to evalu-
ate the distribution of bly and derive the expectation of the log-likelihood
for a new value of @ given this conditional distribution. Because we are
taking an expectation, this step is called the E step. The M step consists
of maximizing this expectation with respect to 6 to produce 0t Each
iteration of the EM algorithm results in an increase in the log-likelihood
function, though a possibly small increase. Efficient implementations of the
EM algorithm for LME models are described in Bates and Pinheiro (1998).

The Newton—Raphson algorithm (Thisted, 1988, §4.2.2) is one of the
most widely used optimization procedures. It uses a first-order expansion
of the score function (the gradient of the log-likelihood function) around the
current estimate ) to produce the next estimate 0+ Each Newton
Raphson iteration requires the calculation of the score function and its
derivative, the Hessian matrix of the log-likelihood. Under general con-
ditions usually satisfied in practice, the Newton-Raphson algorithm con-
verges quadratically. Because the calculation of the Hessian matrix at each
iteration may be computationally expensive, simple, quicker to compute ap-
proximations are sometimes used, leading to the so-called Quasi-Newton
algorithms (Thisted, 1988, §4.3.3.4) .
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Any iterative optimization algorithm requires initial values for the pa-
rameters. Because we can express both the profiled log-likelihood and the
profiled log-restricted-likelihood as a function of the @ parameters, we only
need to formulate starting values for @ when performing iterative optimiza-
tion for LME models. These may be obtained from a previous fit for similar
data, or derived from the current data. A general procedure for deriving
initial values for € from the data being fit is described in Bates and Pinheiro
(1998) and is implemented in the 1me function.

Individual iterations of the EM algorithm are quickly and easily com-
puted. Although the EM iterations generally bring the parameters into the
region of the optimum very quickly, progress toward the optimum tends
to be slow when near the optimum. Newton-Raphson iterations, on the
other hand, are individually more computationally intensive than the EM
iterations, and they can be quite unstable when far from the optimum.
However, close to the optimum they converge very quickly.

We therefore recommend a hybrid approach of starting with an initial
0(0), performing a moderate number of EM iterations, then switching to
Newton-Raphson iterations. Essentially the EM iterations can be regarded
as refining the starting estimates before beginning the more general op-
timization routine. The lme function implements such a hybrid optimiza-
tion scheme. It begins by calculating initial estimates of the 6 parameters,
then uses several EM iterations to get near the optimum, then switches to
Newton-Raphson iterations to complete the convergence to the optimum.
By default 25 EM iterations are performed before switching to Newton
Raphson iterations.

When fitting an LME model, it is often helpful to monitor the progress
of the Newton—Raphson iterations to identify possible convergence prob-
lems. This is done by including an optional control argument in the call
to 1me. The value of control should be a list that can contain any of sev-
eral flags or settings for the optimization algorithm. One of these flags is
msVerbose. When it is set to TRUE or T, diagnostic output on the progress
of the Newton—Raphson iterations in the indirect call of the ms function
(Bates and Chambers, 1992, §10.2) is produced.

If we set this flag in the first fit for the rails example of §1.1, the di-
agnostic output is not very interesting because the EM iterations leave
the parameter estimates so close to the optimum that convergence of the
Newton-Raphson iterations is declared almost immediately.

> fmiRail.lme <- lme( travel ~ 1, data = Rail, random = ~ 1 | Rail,
+ control = list( msVerbose = TRUE ) )

Iteration: 0 , 1 function calls, F= 61.049

Parameters:

[1] -1.8196

Iteration: 1 , 2 function calls, F= 61.049
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Parameters:
[1] -1.8196

Note that the parameter listed in the iteration output is
6 = log(A) = log (6/5s) = log(4.0208/24.805) = —1.8196

and this is the only parameter being directly controlled by the optimization
algorithm. The function labelled F in the iteration output is the negative of
the log-restricted-likelihood but  without the constant term
? [log(N — p) — log(2m) — 1], which is —0.0396 when N = 18 and p =
1. Thus, the value of F' = 61.049 at convergence corresponds to a log-
likelihood of —(61.049 + 0.0396) = —61.089. Because most optimization
algorithms are designed to minimize rather than maximize a function of
the parameters, we minimize the negative of the log-likelihood instead of
maximizing the log-likelihood.

If we eliminate the EM iterations altogether with another control argu-
ment, niterEM, we can observe the progress of the Newton-Raphson itera-
tions for 6.

> fmiRail.lme <- lme( travel ~ 1, data = Rail, random = ~ 1 | Rail,
+ control = list( msVerbose = TRUE, niterEM = 0 ))
Iteration: 0O , 1 function calls, F= 67.894
Parameters:

[1] -0.43152

Iteration: 1 , 3 function calls, F= 61.157
Parameters:

[1] -2.0007

Iteration: 2 , 4 function calls, F= 61.05
Parameters:

[1] -1.8028

Iteration: 3 , 5 function calls, F= 61.049
Parameters:

[1] -1.8195

The algorithm converged to a slightly different value of 6, but with essen-
tially the same value of the log-likelihood.

2.3 Approximate Distributions

Inference on the parameters of a linear mixed-effects model usually relies on
approximate distributions for the maximum likelihood estimates and the
restricted maximum likelihood estimates derived from asymptotic results.

Pinheiro (1994) has shown that, under certain regularity conditions gen-
erally satisfied in practice, the maximum likelihood estimates in the gen-
eral LME model described in §2.1 are consistent and asymptotically nor-
mal. The approximate variance—covariance matrix for the maximum like-
lihood estimates is given by the inverse of the information matrix (Cox
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and Hinkley, 1974, §4.8) corresponding to the log-likelihood function ¢ =
0(B,61,...,00,0%). Because

E [322/35303] —0,g=1,...,Q and E[0*(/9Bdc*] =0,

the information matrix corresponding to an LME model with @ levels of
nesting is block diagonal and, therefore, the maximum likelihood estimates
of the fixed effects 3 are asymptotically uncorrelated with the maximum
likelihood estimates of 61, ...,0¢0 and o2.

The approximate distributions of the maximum likelihood estimates in
an LME model with @ levels of nesting are

B (0 ot

6, 0,
|~V 0: I (01,...,0q,0) |,
bq_ Q (2.27)
logo‘ _IOgO'
r_o% 8¢ o 9%t
50,007 90,007 9log 0007
1(01779Q7U):_ 5
5%t 8¢ o 9%
LO6,0logo  96020logo 92 logo

where ¢ = £(81, . ..,0¢,02) now denotes the log-likelihood function profiled
on the fixed effects, Z denotes the empirical information matrix, and Rgg
is defined as in (2.17). We use logo in place of o2 in (2.27) to give an
unrestricted parameterization for which the normal approximation tends
to be more accurate.

As shown by Pinheiro (1994), the REML estimates in an LME model also
are consistent and asymptotically normal, with approximate distributions
identical to (2.27) but with £ replaced by the log-restricted-likelihood €5
defined in §2.2.5.

In practice, the unknown parameters 1, ...,0¢q and o? are replaced by
their respective ML or REML estimates in the expressions for the approx-
imate variance-covariance matrices in (2.27). The approximate distribu-
tions for the maximum likelihood estimates and REML estimates are used
to produce hypothesis tests and confidence intervals for the LME model
parameters, as described in §2.4.

2.4 Hypothesis Tests and Confidence Intervals

After we have fit a statistical model to the data we usually want to assess
the precision of the estimates and the “significance” of various terms in the
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model or to compare how well one model fits the data relative to another
model. This section presents approximate hypothesis tests and confidence
intervals for the parameters in an LME model.

2.4.1 Likelihood Ratio Tests

A general method for comparing nested models fit by maximum likelihood
is the likelihood ratio test (Lehmann, 1986, §1.7). Such a test can also be
used with models fit by REML, but only if both models have been fit by
REML and if the fixed-effects specification is the same for both models.

One statistical model is said to be nested within another model if it
represents a special case of the other model. For example, in the analysis
of the Machines data described in §1.3, we fit one model, fmiMachine, with
a random effect for Worker only, then we fit a second model, fm2Machine,
with random effects for Worker and for Machine %in% Worker. The model
fmiMachine is nested within fm2Machine because it represents a special case
of fm2Machine in which the variance of the Machine %in% Worker interaction
term is zero.

If Lo is the likelihood of the more general model (e.g., fm2Machine) and
L, is the likelihood of the restricted model (e.g., fmiMachine) we must have
Ly > Ly and, correspondingly, log Ly > log L;. The likelihood ratio test
(LRT) statistic

2log(La/L1) = 2[log(L2) — log(L1)]

will be positive. If k; is the number of parameters to be estimated in model ¢,
then the asymptotic, or “large sample,” distribution of the LRT statistic,
under the null hypothesis that the restricted model is adequate, is a 2
distribution with ko — ky degrees of freedom.

In Chapter 1 we show several examples of likelihood ratio tests per-
formed with the anova function. When given two arguments representing
fits of nested models, this function displays the LRT statistic in the L.Ratio
column and gives the p-value from the er %, distribution. The column la~
belled df is the number of parameters in each model. For example, using
model fits described in §1.3, we would have

> anova( fmiMachine, fm2Machine )

Model df AIC BIC 1logLik Test L.Ratio p-value
fmiMachine 1 5 300.46 310.12 -145.23
fm2Machine 2 6 231.27 242.86 -109.64 1 vs 2 71.191 <.0001

The anova function also displays the values of the Akaike Information
Criterion (AIC) (Sakamoto et al., 1986) and the Bayesian Information
Criterion (BIC) (Schwarz, 1978). As mentioned in §1.1.1, these are model
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comparison criteria evaluated as

AIC = 24 (§|y) + 20
. (2.28)
BIC = =2¢ (8y) + nyar log(N)

for each model, where 1,4, denotes the number of parameters in the model.
Under these definitions, “smaller is better.” That is, if we are using AIC to
compare two or more models for the same data, we prefer the model with
the lowest AIC. Similarly, when using BIC we prefer the model with the
lowest BIC. The REML versions of the AIC and the BIC simply replace
((Bly) by (r(Bly) in (2.25).

We will generally use likelihood-ratio tests to evaluate the significance
of terms in the random-effects structure. That is, we fit different nested
models in which the random-effects structure changes and apply likelihood-
ratio tests. Stram and Lee (1994), using the results of Self and Liang (1987),
argued that tests on the random effects structure conducted in this way can
be conservative. That is, the p-value calculated from the Xiz— &, distribution
is greater than it should be. As Stram and Lee (1994) explain, changing
from the more general model to the more specific model involves setting the
variance of certain components of the random effects to zero, which is on
the boundary of the parameter region. The asymptotic results for likelihood
ratio tests have to be adjusted for boundary conditions. In the next section
we use simulations to demonstrate the effect of these adjustments.

Simulating Likelihood Ratio Test Statistics

One way to check on the distribution of the likelihood ratio test statistic
under the null hypothesis is through simulation. The simulate.lme function
takes two model specifications, the null model and the alternative model.
These may be given as Ime objects corresponding to each model, or as
lists of arguments used to produce such fits. In the latter case, only those
characteristics that change between the two models need to be specified in
the argument list for the alternative model.

For example, in the analysis of the OrthoFem data presented in §1.4.1, the
f£m10rthF fit to the OrthoFem data has the specification

> fm10rthF <- Ilme( distance ~ age, data = OrthoFem,
+ random = ~ 1 | Subject )

while fm20rthF is fit as
> fm20rthF <- update( fm1OrthF, random = ~ age | Subject )

Both models correspond to X; matrices of

10
12
14

— =
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with a two-dimensional 8 vector. In £fm10rthF the Z; matrices are

N
|
N
I
I
N
|

and the b; are one-dimensional random vectors with variance ¥ = o7. In
fm20rthF the Z; matrices are

1 8
1 10
1 12
1 14

and the b; are two-dimensional random vectors with variance—covariance

matrix
2
ag g12
U= 1 5 |-
g12 (7'2

In the terminology of hypothesis tests, fm10rthF is the null model and
£m20rthF is the alternative model. In this case, the null model is a special
case of the alternative model, with one fewer random effect. The model
being fit as fm10rthF is obtained from the model for fm20rthF by requiring
the last row and column of the 2 x 2 ¥ to be zero. Although there are
three distinct entries in this row and column, these entries are determined
by only two parameters because ¥ must be symmetric. Notice that one of
these entries, 03, must be non-negative so setting it to zero corresponds to
a boundary condition.

To simulate the likelihood ratio test statistic comparing model £fm10rthF
to model fm20rthF we generate data according to the null model using
the parameter values from fm10rthF. We then fit both the null and the
alternative model to each set of simulated data and calculate the likelihood
ratio test statistic. This is repeated for nsim cases. By doing this we obtain
an empirical distribution of the likelihood ratio test statistic under the null
hypothesis. We can then compare the empirical distribution to different 2
distributions as in Figure 2.3, which is produced by

> orthLRTsim <- simulate.lme( fmi10OrthF, fm20rthF, nsim = 1000 )
> plot( orthLRTsim, df = c(1, 2) ) # produces Figure 2.3

Figure 2.3 is a probability—probability plot—similar to a quantile-quantile
plot but on the p-value scale, rather than on the scale of the likelihood ratio
test (LRT) statistic. The nominal p-values for the simulated LRT statistics,
under y?2 distributions with 1 and 2 degrees of freedom and an equal-weight
mixture of those x? distributions (denoted Mix(1,2) in Figure 2.3), for both
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FIGURE 2.3. Plots of the nominal versus empirical p-values for the likelihood
ratio test statistic comparing two models for the orthodontic data, female subjects
only. The null model, fm10rthF, has a random effect for the intercept only. The
alternative model, fm20rthF, has random effects for both the intercept and the
slope. The null model was simulated 1000 times, both models were fit to the
simulated data, and the likelihood ratio test statistic was calculated for both
maximum likelihood and REML estimates. In each panel, the nominal p-values
for the LRT statistics under the corresponding distribution are plotted versus the
empirical p-values.

ML and REML estimation, are plotted versus the empirical p-values, ob-
tained from the empirical distribution of the simulated LRT statistics.

For both REML and ML estimates, the nominal p-values for the LRT
statistics under a y? distribution with 2 degrees of freedom are much greater
than the empirical p-values. This is the sense in which the likelihood ratio
test using x3 for the reference distribution will be conservative—the actual
p-value is smaller than the p-value that is reported. Stram and Lee (1994)
suggest a 0.5x7 4+ 0.5x3 mixture as a reference distribution, which is con-
firmed in Figure 2.3, for both ML and REML estimation. A x? appears to
be “anti-conservative” in the sense that the nominal p-values are smaller
than the empirical p-values.

The adjustment suggested by Stram and Lee (1994) is not always this
successful. According to this adjustment, the null distribution of the like-
lihood ratio test statistic for comparing fmiMachine to fm2Machine should
have approximately a 0.5x2 + 0.5x? mixture distribution, where x2 repre-
sents a distribution with a point mass at 0. When simulated

> machineLRTsim <- simulate.lme(fmiMachine, fm2Machine, nsim= 1000)
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FIGURE 2.4. Plots of the nominal versus empirical p-values for the likeli-
hood ratio test statistic comparing two models for the Machines data. The null
model, fmiMachine, has a random effect for Worker only. The alternative model,
fm2Machine, has random effects for the Worker and a random interaction for
Machine %inJ, Worker. Both models were fit to 1000 sets of data simulated from
the null model and the likelihood ratio test statistics were calculated.

> plot( machineLRTsim, df = c(0, 1), # produces Figure 2.4
+ layout = c(4,1), between = list(x = c(0, 0.5)) )

it produces a distribution for the LRT statistics that closely agrees with the
equal-weight mixture in the REML case, but which resembles a 0.65x3 +
0.35x? mixture in the ML case.

It is difficult to come up with general rules for approximating the dis-
tribution of the LRT statistic for such nested mixed-effects models. The
naive approach of using a x? distribution with the number of degrees of
freedom determined by the difference in the number of nonredundant pa-
rameters in the models as the reference is easily implemented and tends to
be conservative. This is the reference distribution we use to calculate the
p-values quoted in the multiargument form of anova. One should be aware
that these p-values may be conservative. That is, the reported p-value may
be greater than the true p-value for the test and, in some cases, it may be
much greater.

2.4.2 Hypothesis Tests for Fived-Effects Terms

When two nested models differ in the specification of their fixed-effects
terms, a likelihood ratio test can be defined for maximum likelihood fits
only. As described in §2.2.5 a likelihood ratio test for REML fits is not
feasible, because there is a term in the REML criterion that changes with
the change in the fixed-effects specification.

Even though a likelihood ratio test for the ML fits of models with different
fixed effects can be calculated, we do not recommend using such tests. Such
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FIGURE 2.5. Plots of the nominal versus empirical p-values for the likelihood
ratio test statistic comparing two models for the ergoStool data. The alternative
model has a fixed effect for Type but the null model does not. The random effects
specifications are the same. Both models were fit to 1000 sets of data simulated
from the null model and the likelihood ratio test statistics from the maximum
likelihood estimates were calculated.

likelihood ratio tests using the standard x? reference distribution tend to
be “anticonservative”—sometimes quite badly so.

As an example, consider the ergoStool example analyzed in §1.2.1. Sup-
pose we compare fm1Stool, the model for the ergoStool data with a fixed
effect for the Type factor, to a model without a fixed effect for the Type
factor.

> stoolLRTsim <-

+ simulate.lme( ml = list(fixed = effort ~ 1, data = ergoStool,

+ random = ~ 1 | Subject),

+ m2 = list(fixed = effort ~ Type),

+ method = "ML", nsim = 1000 )

> plot( stoolLRTsim, df = c(3, 4) ) # Figure 2.5

We can see from Figure 2.5 that, at 3 degrees of freedom, which is the
difference in the number of parameters in the two models, the x? distribu-
tion gives p-values that are “anticonservative.” At 4 degrees of freedom the
p-values will be conservative. The nominal p-values for the equal-weight
mixture of x3 and X3 distributions, represented in the middle panel of
Figure 2.5, are in close agreement with the empirical p-values.

In this case the slight anticonservative nature of the reported p-values
may not be too alarming. However, as the number of parameters being
removed from the fixed effects becomes large, compared to the total number
of observations, this inaccuracy in the reported p-values can be substantial.
For example, Littell, Milliken, Stroup and Wolfinger (1996, §1.5) provide
analyses of data from a partially balanced incomplete block (PBIB) design.
The design is similar to the randomized block design in the ergometric
experiment described in §1.2 except that not every level of the treatment
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FIGURE 2.6. Plots of the nominal versus empirical p-values for the likelihood
ratio test statistic comparing two models for the PBIB data. The alternative model
has a fixed effect for Type, but the null model does not. The random effects
specifications are the same. Both models were fit to 1000 sets of data simulated
from the null model, and the likelihood ratio test statistics from the maximum
likelihood estimates were calculated.

appears with every level of the blocking factor. This is the sense in which
it is an “incomplete” block design. It is “partially balanced” because every
pair of treatments occur together in a block the same number of times.
These data are described in greater detail in Appendix A.22 and are given
as an object called PBIB that is available with the nlme library.

The important point with regard to the likelihood ratio tests is that there
are 15 levels of the Treatment factor and only 60 observations in total. The
blocking factor also has 15 levels. If we simulate the likelihood ratio test
and plot the p-values calculated from the x?, distribution,

> pbibLRTsim <-

+ simulate.lme( ml = list( fixed = response ~ 1, data = PBIB,

+ random = ~ 1 | Block ),

+ m2 = list( fixed = response ~ Treatment ),

+ method = "ML", nsim = 1000 )

> plot( pbibLRTsim, df = c(14,16,18), weights = FALSE ) # Figure 2.6
we can see, from Figure 2.6, that the p-values calculated using x?%, as the
reference distribution are seriously “anticonservative.”

Another, perhaps more conventional, approach to performing hypothesis
tests involving terms in the fixed-effects specification is to condition on
the estimates of the random effects variance—covariance parameters, 6. As
described in §2.2.1, for a fixed value of @, the conditional estimates of
the fixed effects, B(0), are determined as standard least-squares estimates.
The approximate distribution of the maximum likelihood or the REML
estimates of the fixed effects in (2.27) is exact for the conditional estimates

B(o).
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Conditional tests for the significance of a term in the fixed-effects specifi-
cation are given by the usual F-tests or t-tests for linear regression models,
based on the usual (REML) conditional estimate of the variance

RSS _ |lea|®

PhO) ==y = N

In practice, the unknown parameter vector @ is replaced by its maximum
likelihood estimate or its REML estimate so the conditional tests hold only
approximately.

The conditional ¢-tests are included in the output of the summary method
applied to Ime objects. They test the marginal significance of each fixed
effect coefficient when all other fixed effects are present in the model. For
example the t-tests for the fm2Machine model

> summary( fm2Machine )

Fixed effects: score ~ Machine
Value Std.Error DF t-value p-value
(Intercept) 59.650 2.1447 36 27.813 <.0001
Machinel 3.983 1.0885 10 3.660 0.0044
Machine2 3.311 0.6284 10 5.269 0.0004

indicate that all the fixed-effects terms are significant.

The conditional F-tests are implemented in the single-argument form of
the anova method for fitted models from lme. They test the significance
of terms in the fixed effects model, which may include several coefficients.
By default, the terms are tested sequentially in the order they enter the
model, but the argument type to anova can be used to specify marginal
F-tests. For example, to jointly test the significance of all 14 coefficients
corresponding to Treatment in the PBIB example we use

> fm1PBIB <- 1me( response ~ Treatment, data = PBIB, random = ~ 1 )
> anova( fm1PBIB )
numDF denDF F-value p-value
(Intercept) 1 31 1654.2 <.0001
Treatment 14 31 1.5 0.1576

We will compare this result, a p-value of 15.8%, with that from the
likelihood ratio test. Because a likelihood ratio test for terms in the fixed-
effects specification must be done on ML fits, we first re-fit fm1PBIB using
maximum likelihood, then modify the model.

> fm2PBIB <- update( fm1PBIB, method = "ML" )
> fm3PBIB <- update( fm2PBIB, response ~ 1 )
> anova( fm2PBIB, fm3PBIB )
Model df AIC BIC 1logLik Test L.Ratio p-value
fm2PBIB 1 17 56.571 92.174 -11.285
fm3PBIB 2 3 52.152 58.435 -23.076 1 vs 2 23.581 0.0514
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The simulation illustrated in Figure 2.6 shows that the 15.8% p-value from
the conditional F-test is much more realistic than the 5.1% p-value from
the likelihood ratio test.

For this reason, we prefer the conditional F-tests and ¢-tests for assessing
the significance of terms in the fixed effects.

These conditional tests for fixed-effects terms require denominator de-
grees of freedom. In the case of the conditional F-tests, the numerator
degrees of freedom are also required, being defined by the term itself. The
denominator degrees of freedom are determined by the grouping level at
which the term is estimated. A term is called inner relative to a grouping
factor if its value can change within a given level of the grouping factor.
A term is outer to a grouping factor if its value does not change within
levels of the grouping factor. A term is said to be estimated at level 4, if it
is inner to the 7 — 1st grouping factor and outer to the ith grouping factor.
For example, the term Machine in the fm2Machine model is outer to Machine
%in% Worker and inner to Worker, so it is estimated at level 2 (Machine %in%
Worker). If a term is inner to all @ grouping factors in a model, it is es-
timated at the level of the within-group errors, which we denote as the
Q + 1st level.

The intercept, which is the parameter corresponding to the column of 1’s
in the model matrices X, is treated differently from all the other param-
eters, when it is present. As a parameter it is regarded as being estimated
at level 0 because it is outer to all the grouping factors. However, its de-
nominator degrees of freedom are calculated as if it were estimated at level
Q@ + 1. This is because the intercept is the one parameter that pools infor-
mation from all the observations at a level even when the corresponding
column in X; doesn’t change with the level.

Letting m; denote the total number of groups in level i (with the con-
vention that my = 1 when the fixed effects model includes an intercept
and 0 otherwise, and mg41 = N) and p; denote the sum of the degrees
of freedom corresponding to the terms estimated at level ¢, the ith level
denominator degrees of freedom is defined as

denDF; =m; — (my—1 +p;), i=1,...,Q+1.

This definition coincides with the classical decomposition of degrees of free-
dom in balanced, multilevel ANOVA designs and gives a reasonable approx-
imation for more general mixed-effects models.

For example, in the fm2Machine model, Q = 2, mg = 1, m; = 6, mg = 18,
mg = 54, pp = 1, p1 = 0, po = 2, and p3 = 0, giving denDF; = 5,
denDF 9 = 10, and denDF 3 = 36.

> anova( fm2Machine )
numDF denDF F-value p-value
(Intercept) 1 36 773.57 <.0001
Machine 2 10 20.58 3e-04
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Because Machine is estimated at level 2, its denominator degrees of freedom
is 10.

Another example is provided by the analysis of the Oats data, presented
in §1.6, which shows an anova of the form

> anova( fm20ats )
numDF denDF F-value p-value

(Intercept) 1 51 245.14 <.0001
ordered(nitro) 3 51 41.05 <.0001
Variety 2 10 1.49 0.2724

In this example, Q =2, mg =1, m1 =6, my =18, m3 =72, pg =1, p1 =0,
p2 =2, and p3 = 3, giving denDF1 = 5, denDF4 = 10, and denDF3 = 51.
The nitro factor changes within levels of the first-level grouping factor,
Block, and within levels of the second-level grouping factor, Variety %inY
Block. Thus, it is inner to each of these grouping factors and is estimated at
level 3, with 51 denominator degrees of freedom. By definition, the Variety
factor cannot change within levels of Variety %in% Block, but it changes
within levels of Block. It is therefore outer to Variety %in% Block and inner
to Block, being estimated at level 2 with 10 denominator degrees of freedom.

2.4.8 Confidence Intervals

Approximate confidence intervals on the variance—covariance components
and the fixed effects are obtained using the approximate distributions for
the maximum likelihood estimates and the REML estimates described in
§2.3 and the conditional ¢-tests described in §2.4.2.

Letting df; denote the denominator degrees-of-freedom for the condi-
tional t-test corresponding to the the jth fixed effect based on the ﬁ, an
approximate confidence interval of level 1 — « for §; is

B, +ty,(1— a/2)5r [RgoleoT]jj,
where tqr, (1 — «/2) denotes the 1 — a/2 quantile of the t-distribution with
df; degrees of freedom and G denotes the REML estimate of 0. The matrix
Ry is evaluated at the estimated value of 6.

Confidence intervals on the within-group standard deviation o are ob-
tained from the approximate distribution in (2.27). Letting [Ifl] » o Tepre-
sent the last diagonal element of the inverse empirical information matrix
defined in (2.27), an approximate confidence interval of level 1 — « for o is

{?r\exp <7z(1 —a/2) [I*l}w> ,Gexp <z(1 —a/2) [I*l]”)} ,

where z(1 — «/2) denotes the 1 — a/2 quantile of the standard normal
distribution. This confidence interval formulation works for both ML and
REML estimates, with the obvious modifications.
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Confidence intervals on the variance—covariance components for the ran-
dom effects are a bit trickier to obtain. In practice, one is interested in
getting confidence intervals on the original scale of the elements of ¥ and
not in the scale of the unconstrained parameters 8 used in the optimization.
For some simple forms of ¥, such as a diagonal structure or a multiple of
the identity structure, it is easy to transform the confidence intervals ob-
tained in the unconstrained scale (the logarithm of the standard deviations
in the two examples mentioned) back to the original parameter scale (by ex-
ponentiating the confidence limits in the case of the diagonal and multiple
of the identity structures).

In the case of a general positive-definite ¥, however, usually it is not
possible to transform back to the original scale the confidence intervals
obtained for the unconstrained parameter used in the optimization. This
is true, for example, for the matrix logarithm parameterization described
in §2.2.7, when the dimension of W is greater than one.

The approach used in 1me is to consider a different parameterization
for general positive-definite ¥ when calculating confidence intervals. This
parameterization, which we call the natural parameterization, uses the log-
arithm of the standard deviations and the generalized logits of the corre-
lations. For a given correlation parameter —1 < p < 1, its generalized logit
is log[(1 + p)/(1 — p)] which can take any value in the real line. We denote
by m the parameter vector determining the natural parameterization. The
elements of i are individually unconstrained, but not jointly so. Therefore,
the natural parameterization cannot be used for optimization. However,
the elements of 1 can be individually transformed into meaningful parame-
ters in the original scale, so it is a useful parameterization for constructing
confidence intervals.

If ; corresponds to the logarithm of a standard deviation in ¥ and let-
ting [T 71] j; denote its associated diagonal element in the inverse empirical
information matrix, an approximate level 1 — v confidence interval for the
corresponding standard deviation is

[exp (ﬁJ —2(1—a/2) [1-71}]_]_) ,exp (ﬁJ +2(1-0a/2) [Ifl]].j)] .

An approximate confidence interval for a correlation coefficient represented
by n; in the natural parameter vector is

exp (ﬁj —2(1-%) [I_l]jj> —1 exp (ﬁf' +2(1-3) [I_l]jj> -1

exp (75— 20— )2 1],,) + 1 ep (7 + 20— 9),/[T1],)) +1
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2.5 Fitted Values and Predictions

Fitted values, which are the predicted values for the observed responses
under the fitted model, are often of interest for model checking. Predicted
values for new observations are one of the primary quantities of interest
when making inferences from a fitted model.

In a mixed-effects model, fitted values and predictions may be obtained
at different levels of nesting, or at the population level. Population level
predictions estimate the marginal expected value of the response. For ex-
ample, letting xj, represent a vector of fixed effects covariates, the marginal
expected value of the corresponding response yy, is

E [yn] = 8. (2.29)

Predicted values at the kth level of nesting estimate the conditional ex-
pectation of the response, given the random effects at levels < k. For ex-
ample, letting z, (i) denote a vector of covariates corresponding to random
effects associated with the ith group at the first level of nesting, the level-1
predictions estimate

E [yn(i)|bi] = @} B + za(i) bi. (2.30)

Similarly, letting z (7, j) denote a covariate vector associated with the jth
level-2 group within the ith level-1 group, the level-2 predicted values es-
timate

E [yh(z)|bl bl]] = il}';j;ﬁ + Zh(i)Tbi + Z)L(i,j)TbijA (231)
This extends naturally to an arbitrary level of nesting.

The Best Linear Unbiased Predictors (BLUPs) of the population ex-
pected values and the conditional expectations given the random effects are
obtained by replacing, in the expressions defining the expectations, 8 with
its conditional estimate 3(0) and the random effects with their BLUPs.

For example, the BLUPs corresponding to the expected values in (2.29),
(2.30), and (2.31) are
I =z B(6) R
Un(i) = x4 B(6) + 21 (1) (6)
G (i.5) = @}, B(6) + 21 (1) bi(6) + z1(i. 1) "is (8).
In practice, the unknown parameter vector 6 is replaced by its maximum

likelihood estimate or its REML estimate, producing estimated BLUPs of
the expected values.

2.6 Chapter Summary

This chapter presents the theory and computational methods for linear
mixed-effects models. We express linear mixed-effects models in the Laird—
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Ware formulation. For a single grouping factor that divides the observations
into M groups of n;,i =1,..., M observations, the model is written

Yy, =XiB+Zbite, i=1,...,M,
b ~ N(0,%), € ~N(0,0%1).

The parameters in the model are the p-dimensional fixed effects, 3, the ¢x ¢
variance—covariance matrix, ¥, for the random effects, and the variance o2
of the “noise” €;. We estimate these parameters by maximum likelihood
(ML) or by restricted maximum likelihood (REML).

Although the random effects b;,i = 1,..., M are not formally parameters
in the model, we will often want to formulate our “best guess” for these
values given the data. We use the Best Linear Unbiased Predictors (BLUPs)
for this.

For computational purposes the variance—covariance matrix ¥ is re-
expressed in terms of the relative precision factor A which satisfies

ATA = ¥/0?

and the matrix A is expressed as a function of an unconstrained parameter
vector 6.

The profiled log-likelihood function with respect to 8 can be easily calcu-
lated using matrix decompositions. That is, the log-likelihood correspond-
ing to the conditionally best estimates 3(0) and 52(6) can be evaluated as a
function of @ alone. This simplifies the problem of optimizing the likelihood
to get maximum likelihood estimates because it reduces the dimension of
the optimization. The same simplification applies to REML estimation.

We describe approximate distributions for the maximum likelihood esti-
mates and the REML estimates using results from asymptotic theory for
linear mixed-effects models.

We compare models that differ in the random effects specification by
likelihood ratio tests or by simulation-based parametric bootstrap evalua-
tions.

We assess the significance of terms in the fixed-effects specification by
standard linear regression tests conditional on the value of 8. These tests
include t-tests for individual coefficients or F-tests for more complicated
terms or linear combinations of coefficients. The degrees of freedom for
a t-test (or the denominator degrees of freedom for an F-test) depend on
whether the factor being considered is inner to the grouping factor (changes
within levels of the grouping factor) or outer to the grouping factor (is
invariant within levels of the grouping factor).

Approximate confidence intervals for the fixed effects and the variance-
covariance parameters are produced from the approximate distributions of
the maximum likelihood estimates and REML estimates.
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All these results extend to multiple nested levels of random effects. A
model with two levels of nested random effects, for example, is written

Y;; = XijB+ Zijbi + Zijbij + €5, i=1,....M, j=1,...,M;
bi ~ N(0,%1), by ~N(0,8s), € ~N(0,0°I).

The two variance—covariance matrices ¥, and Wy are written in terms
of relative precision factors A; and As, parameterized by unconstrained
parameter vectors 8; and 5. The profiled log-likelihood or the profiled log-
restricted-likelihood, i\functiogﬁ)f 6; and 65 only, is maximized to produce
the estimates [Ai', G2, Wy, and W,.

Exercises

1. The simulation results presented in Figure 2.4 (p. 87) indicate that
the null distribution of the REML likelihood ratio test statistic com-
paring a null model with a single level of scalar random effects to
an alternative model with nested levels of scalar random effects is
approximately an equally weighted mixture of a x2 and a x?2.
Confirm this result by simulating a LRT statistic on the Dats data,
considered in §1.6. The preferred model for those data, fm40ats, was
defined with random = ~Block/Variety. Re-fit this model with random
= “Block. Using this fit as the null model and fm40ats as the alterna-
tive model, obtain a set of simulated LRT statistics with simulate.lme.
Plot these simulated LRT statistics setting df = c(0,1) to obtain a
plot like Figure 2.4. Are the conclusions from this simulation similar
to those from the simulation shown in Figure 2.47

Note that simulate.lme must fit both models to nsim simulated sets
of data. By default nsim = 1000, which could tie up your computer
for a long time. You may wish to set a lower value of nsim if the
default number of simulations will take too long.



